In vivo configurations of dsDNA of bacteriophage viruses in a capsid are known to form hexagonal chromonic liquid crystal phases. This article studies the liquid crystal ordering of viral dsDNA in an icosahedral capsid, combining the chromonic model with that of liquid crystals with variable degree of orientation. The scalar order parameter of the latter allows us to distinguish regions of the capsid with well-ordered DNA from the disordered central core. We employ a state-of-the-art numerical algorithm based on the finite element method to find equilibrium states of the encapsidated DNA and calculate the corresponding pressure. With a data-oriented parameter selection strategy, the method yields phase spaces of the pressure and the radius of the disordered core, in terms of relevant dimensionless parameters, rendering the proposed algorithm into a preliminary bacteriophage designing tool. The presence of the order parameter also has the unique role of allowing for non-smooth capsid domains as well as accounting for knot locations of the DNA.
. The figure on the right is a schematic representation of the level surfaces ω=constant, ϑ= constant, whose intersections provide the scaffolding that supports the DNA filament. Table 1 : Physical measurements of four different bacteriophages.The symbol L p denotes the persistence length of a DNA chain of length L, effective diameter d, in a sphere-like capsid of radius R c with a measured radius r 0 of the disordered core. T4 [24, 35] ; T5 [8] ; T7 [2] ; 15 [14] ; P22 [19, 15] .
to include an additional term in the energy penalizing distortions of the cross section formulated as quadratic expressions of the gradients of the cross-sectional vectors ∇m and ∇p. The choice follows from the elastic energy of hexagonal columnar phases proposed by de Gennes. It is the bulk and shear modulus, B and C, present in the transverse elastic energy, that effectively account for the cohesive effects postulated in earlier models of DNA encapsidation [17] , [43] that, in turn, effectively account for the electrostatic interactions. We find that the dimensionless energy restricted to spooling configurations involves three material constants,b,γ 0 and α, in addition to k 3 that can be directly calculated from DNA data ( Table 1) . We determine the orders of magnitude ofb andγ 0 from the size of the disordered core of the T4 virus, as measured by imaging. Likewise, the parameter α, used in scaling the elastic moduli B and C with respect to k 3 , is estimated from experimental pressure values corresponding to the same virus. The numerical simulations deliver phase spaces for the radius of the inner disordered core and the pressure, in terms of the parameters b and γ 0 (Figures 2-4) .
Earlier mathematical results on Ericksen's model guarantee existence of a global minimizer of the total energy [1] . In addition, numerical methods previously developed by Walker, et. al. [33, 34, 46] on such a model extend to the present case and provide a convenient algorithm to predict packing configurations and the pressure values that they sustain. Sine cryoelectron microscopy (cryo-EM) images for most bacteriophages show multilayered spooling-like configurations on the outer layers of the packed genome [7, 2, 4, 3, 8, 22, 14] , we present numerical simulations of minimizing configurations with spooling geometry.
In section A, we give a brief review of the nematic and chromonic models of liquid crystals, to explain and motivate our methods, with a special emphasis on Ericksen's model that includes the variable degree of orientation.
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In section B, we present the energy of packing, its scaling properties and the role of the spooling configurations. In section C, we present our approach for estimating parameters, concluding with numerical simulations that relate remaining phenomenological parameters to the radius of the disordered core. Section D uses shape optimization tools to calculate the pressures near the capsid surface.
This work is motivated by earlier studies of free boundary problems of chromonic liquid crystals and bacteriophages carried out in the Ph.D dissertation by Lindsey Hiltner [12] .
A.1 Nematic liquid crystals
In the Oseen-Frank theory, equilibrium states of a nematic liquid crystal are minimizers of the Oseen-Frank energy given by
The splay, twist and bend material constants, k 1 > 0, k 2 > 0 and k 3 > 0, respectively, are associated with the liquid crystal deformations that embody the corresponding geometries. The splay-bend term multiplying k 2 + k 4 is a null Lagrangian and so, it depends on boundary values only. Defects in the Oseen-Frank theory correspond to locations, points, lines or surfaces, where n = 0, that is where the molecular order is lost, giving rise to locally disordered structures, that may have infinite energy. In order to represent liquid crystal configurations where ordered and disordered states coexist as well as assign finite energy to defects, it is convenient to introduce the order parameter s in the model, and the energy associated with changes of order. For this, we will adopt Ericksen's model (1991) of liquid crystals with variable degree of orientation. It may be viewed as an extension of the Oseen-Frank model; alternatively, it may also be interpreted as a restriction of that of Landau-deGennes to uniaxial states. In this model, the equilibrium state of the liquid crystal material is described by the pair (s, n) minimizing a bulk-energy functional
with W 1 as in (2) . The material constants b > 0 and γ 0 > 0 are of the same of the general one, that contains coupling terms of ∇n and ∇s. (A full description of the model can be found in [29] and its analysis can be found in [34, 33, 46] ). The double well function w(s) is of class C 2 , defined on −1/2 < s < 1, that penalizes the phase transition between the nematic and the isotropic phases. It is chosen so that it has a minimum at s = s a , s a being the preferred order parameter value at a given temperature, or concentration; it has a maximum at s = 0 indicating the ordering preference of the DNA. We list its properties as follows [9, 1, 26 ]:
Next, we discuss the approach to imposing boundary conditions. Rather than prescribing pointwise values of the fields (n, s) on the boundary, that is, imposing strong anchoring boundary conditions, we appeal to weak anchoring, which consists in penalizing the energy of departure of the boundary values from the ideal ones [44] :
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where ν is the oriented unit normal vector of Γ := ∂Ω. The first term a ⊥ tends to align the minimizing director field n perpendicular to ν, and the second term a favors a parallel alignment. The last contribution to the energy is needed to ensure that s does not trivially vanish on the interface, and so cause E a,n (s, n) to vanish as well [34, 6, 32] . The parameters a ⊥ , a , a ori : Γ → [0, ∞) may vary (in general), but here we take them to be fixed constants.
In determining a configuration of a liquid crystal, one minimizes the total energy consisting of (3) added to (4) . A thorough study of existence of minimizer together with the numerical implementation of the minimizing algorithm can be found in [34, 33, 46] . In particular, the theory allows for Ω to be of icosahedral shape, since s = 0 at the edges where the vector fields are not defined.
A.2 Chromonic Liquid Crystals
We are concerned with hexagonal columnar phases of chromonic liquid crystals. The energy consists of the Oseen-Frank contribution (or, the Ericksen's model analog) together with an elastic energy of the cross-section perpendicular to the columnar director field n. The latter also effectively includes the electrostatic repulsive energy of the negatively charged DNA strands. We then represent the energy as
where u represents the displacement vector associated with deformation of the cross section. The minimization of the chromonic energy is done subject to the constraints
The splay of a liquid crystal is zero whenever dislocations do not occur, that is, the same number of filaments that enter a unit area exit that cross-section. In the case of the hexagonal columnar phase, nonzero splay would allow for deviations from the lattice structure. Twist is prohibited because of its incompatibility with the two-dimensional lattice order in planes perpendicular to the director. We conclude this section with the observation that the previously models described correspond to a continuum and do not reflect the discrete nature of the system made of filaments. These do not overlap except, perhaps, in possible knot locations. In order to associate a minimizing set {n, m, p, s} to a DNA configuration, given the inter-strang DNA spacing taken as its effective diameter, d > 0, we further introduce the scalar fields ω, ϑ as solutions of the differential equations
Then, the intersections of level surfaces ω = constant, ϑ = constant give the location of the DNA strands. Furthermore, the piecewise smooth curve
describes the axis of the DNA. Here L > 0 represents the length of the genome and r 0 its entry point in the capsid. Restricting the elastic energy in (5) to discrete deformations of the level curves sustaining the DNA filaments, we arrive at the expression
where B and C correspond to bulk and shear moduli, respectively.
B DNA encapsidation
We assume that the capsid corresponds to a bounded, axisymmetric region Ω ∈ R 3 with ∂Ω representing the piecewise smooth, faceted, viral capsid. We let l 0 > 0 denote the length of the axis that connects the location of the connector with its antipodal site in the viral capsid. Assuming the DNA is tightly packed inside the B-5 capsid, we adopt a continuum approach for representing the configuration of the DNA [17, 18] . To this end, we let n represent the unit tangent vector of an "ensemble" of packed DNA strands. Moreover, we use the s variable (degree-of-orientation) to represent how well ordered the DNA strands are, e.g. s = 0 indicates that the DNA strands are oriented in all directions equally. Furthermore, the unit vectors {m, p} span the cross sections perpendicular to the DNA axis, with its associated level curves representing strand locations.
B.1 Total energy
The model that we propose consists of the total free energy together with a list of constraints, expressed as follows:
We make the following choices for the parameters of the model:
where α > 0 in (13) is a scaling parameter latter determined using pressure measurements. The choices for
indicate that div n and n · curl n are almost negligible for the DNA coiling configurations that we consider here. Dimensional analysis as well as information derived from Onsager's theory of rigid rods will further assist us in specifying relations (13) . The selection of the anchoring constants (14) 
The optimal degree of orientation is chosen to be s a := 0.8. The total energy of the DNA coiling system is
B.2 Model simplification: spooling configurations
From now on, we consider axisymmetric capsids and spooling configurations. Adopting cylindrical coordinates (r, θ, z), with the z-axis along the capsid, spooling DNA arrangements are characterized by p = e z . Furthermore, for such configurations, it is natural to set ν = e r and n = e θ and s = s a on the boundary. Since ∇p = 0 and m = n × p, so |∇m| = |∇n|. We now definek i = k i + A, i = 1, 2, 3, with A as in (13) . In particular, note thatk
Finally, using the identity:
we obtain
with
B.3 Dimensional Analysis
Introducing a length scale L 0 to be of the same order as R c , and noting the following scalings:
where denotes non-dimensional quantities, (18) becomes
and we have dropped on all variables for convenience (the domains are now non-dimensional).
C Parameter estimates and numerical simulations
As for semiflexible polymers and its application to the DNA molecule, following Tzlil et al. [43] and [17] , we take the bending constant k 3 as
The DNA cross-sectional length density, m 0 , is estimated by taking the ratio of the length of a DNA strand to the volume of the container in which it is packed. Thus, for a perfectly packed DNA strand (i.e. no empty space in the volume), the maximum value
, where we used an average DNA diameter of d = 2.6225 nanometers from Table 1 . More realistically, for an average bacteriophage genome (length 30.0624 micrometers) and average capsid head (radius 34.11 nanometers), we get an average m 0 = 1.809173 × 10 17 m −2 . Furthermore, taking an average persistence length of L p = 54.49 nanometers, our effective bending constant is k 3 = 4.058027 × 10 −11 J/m (assuming room temperature). It is convenient to distinguish three types of parameters in the energy. First of all,k 3 appears as a multiplicative constant whose role will be adjusting the pressure. The ratiosk 1 /k 3 ,k 2 /k 3 should be interpreted as having large values to penalize the constraints (6) . The ratioâ 0 = a 0 L 0 /k 3 is used to enforce the planar boundary conditions, so it also has a large penalty value.
For computations, we takek 1 =k 2 = 10k 3 , wherek 3 = k 3 (1 + α) (recall 13) and α > 0 is determined by the pressure measurements (see Section D). The length scale L 0 = R c /0.4, where 0.4 is the non-dimensional radius of the computational capsid domain; thus,â 0 = 250. Moreover we explore the parameter range forb andγ 0 given by:
C-7 and compare the predicted cores sizes with the available virus measurements shown in Table 1 . The outcome from the numerical simulations is summarized in Figure 2 . Figure 3 shows how the internal "core radius" was estimated for a particular choice for b and γ 0 . Figure 4 shows how the capsid pressure, and the core radius, varies with b and γ 0 .
D Shape optimization
The minimum energy state of the packing problem is the one that minimizes E in (20) with respect to s and n. With this, one can compute pressures in the capsid by perturbing E with respect to the domain Ω, i.e. take shape derivatives [45] . More specifically, given a (non-dimensional) perturbation field V that deforms Ω, the shape variation δ Ω E[s, n, Ω; V] gives the (non-dimensional) change in energy due to a change in the volume. For example, let V Γ be a smooth vector field such that:
V Γ = ν, on Γ, and smoothly decays to zero inside Ω.
Then, the dimensional change in energy due to expanding the outer boundary Γ isk 3 δ Ω E[s, n, Ω; V Γ ] which has units of force: J/m = N . Thus, the average (dimensional) pressure being exerted on the boundary of the capsid Γ is
where we note that |Γ| is the non-dimensional surface area of the capsid. Note that V Γ is normalized so that |V Γ | = 1 on Γ. The particular form of the extension in (24) does not matter because ultimately the shape derivative only depends on what happens at the boundary Γ by the Hadamard-Zolésio structure theorem [45] . The graphs of the pressure in terms of the parameters b and γ 0 are shown in Figure 4 .
E Conclusions
We constructed a model of encapsidation of viral DNA, that combines that of hexagonal chromonic liquid crystals with the theory of liquid crystals with variable degree of orientation. The model is accompanied by a rigorous, finite-element based, algorithm of energy minimization, with design and prediction capabilities that may prove to be a real asset in applications. Due to the presence of the order parameter, the algorithm is able E-8 E-9
to deal with very general faceted capsid domains, including the geometry of the packing motor features, and also allow for the presence of knots in the DNA. The outcome of the model is a phase space for the radius of the disordered core and the pressure near the boundary of the capsid, with the potential to aid in the design of viral DNA to meet desired specifications. The model also allows for the exploration of large sets of parameters, reiterating its value as a design tool. Follow up work addresses the presence of ions and the dynamics of DNA ejection from the capsid.
